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Some properties of lepton mixing and neutrino masses can be com-
puted under the assumption of A5 and CP as a symmetry in the leptonic
sector. The results show that four mixing patterns accommodate well
the oscillation data, i.e. all the mixing angles are in the 3σ confidence
region. We also introduce an explicit realization of this framework in the
case of the Weinberg operator where the neutrino mass spectrum can be
computed.
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1 Mixing patterns
A possible tool to understand the mixing pattern in the leptonic sector that we observe
in Nature is the one based on Flavour Symmetry. In particular in our approach we
use non abelian discrete symmetry combined with CP as discussed in [1, 2]. In our
study, fully presented in [3], we assume that the group of full symmetry in the leptonic
sector is Gf = A5 ⊗ CP , where A5 is the group of even permutation of five elements.
Neutrinos are Majorana particles in representation 3 ∈ A5. The generators’ algebra
is
S2 = T 5 = (ST )3 = 1. (1)
The PMNS matrix is given by the misalignment between the residual symmetries
in charged and neutrino sector, respectively G` and Gν . For the charged leptons we
consider G` = {Z3, Z5, Z2 ⊗ Z2} abelian subgroups of A5, and Q is a representation
of the subgroup in the field space, Q ∈ Zm ⇐⇒ Qm = 1. As a residual symmetry
in the neutrino sector we assume Gν = Z2 ⊗ CP and we define Z ∈ Z2 and X is a
representation of CP in the field space such that XXT = XX? = 1, XZ? −ZX = 0
and it is an involutive automorphism of the flavour group Gf , as discussed in details
in [4].
In the following X0 is the simplest representation of CP symmetry. It is the permu-
tation matrix in the 2 − 3 plane. The other representations of CP can be obtained
as X = ZX0. The action of the symmetry on charged lepton mass matrix M` and
neutrino mass matrix Mν is the following
Q†M †`M`Q = M
†
`M` Z
TMνZ = Mν XMνX = M
?
ν . (2)
For each possible touple (Q,Z,X) the PMNS matrix can be constructed as
U †`QU` = Qdiag
Ω†ZΩ = Zdiag
X = ΩΩT
 =⇒ UPMNS = U †`Uν = U †`ΩRij(θ)Kν θ ∈ [0, pi) (3)
where the rotation matrix Rij(θ) is necessary to correctly diagonalize the neutrino
mass matrix Mν , and Kν is a diagonal matrix needed to have all neutrino masses
positive. Therefore all the oscillation parameters are function of the internal angle θ.
The power of this approach is that all the CP phases can be predicted.
For each choice of the tuple (Q,Z,X) we have a PMNS matrix up to permutations
of rows and columns since the masses are not fixed in this approach. The indepen-
dent tuples are 18. We use a χ2 function, based on the data reported in [5], in
order to reduce the number of independent tuple to four, which are relevant for the
phenomenology, see Table 1 and Figure 1. Similar results were obtained in [6, 7].
1
Case χ2min θbf sin
2 θ12 sin
2 θ13 sin
2 θ23 sin δ
G` = Z5 - Case I 5.64 0.174 0.283 0.0217 0.408 0
(T 2, T 2ST 3ST 2, SX0) 3.46 2.967 0.283 0.0219 0.592 0
G` = Z5 - Case II 4.04 0.175-2.967 0.283 0.0218 0.5 ∓1
(T 2, ST 2ST,X0) 7.74 0.175-2.967 0.283 0.0220 0.5 ∓1
G` = Z3 - Case III 8.84 0.604-0.967 0.341 0.0217 0.5 ±1
(T 2ST 2, ST 2ST 3S,X0) 12.56 0.603-0.967 0.341 0.0218 0.5 ±1
G` = Z2 ⊗ Z2 - Case IV-P1 4.48 0.254 0.331 0.0219 0.475 0
({S, T 2ST 3ST 2}, ST 2ST,X0) 11.80 0.258 0.330 0.0225 0.478 0
G` = Z2 ⊗ Z2 - Case IV-P2 6.19 0.255 0.331 0.0220 0.524 0
({S, T 2ST 3ST 2}, ST 2ST,X0) 6.43 0.254 0.331 0.0218 0.525 0
Table 1: Values of χ2min, best fit for θ and PMNS parameters for patterns that have
χ2min ≤ 27. Upper rows are for Normal Ordering (NO) while lower ones are for Inverted
Ordering (IO). Notice that the Dirac phases are maximal when also the atmospheric
angles are maximal, otherwise δ is trivial. The Majorana phases are always trivial if
we want to accommodate well the mixing angles, but patterns with non trivial values
can appear.
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Figure 1: Parametric plots for Case I trhought Case IV as a function of the in-
ternal angle θ in the planes (sin2 θ12, sin
2 θ23) (left), (sin
2 θ13, sin
2 θ12) (middle) and
(sin2 θ13, sin
2 θ23) (right) assuming NO. The red dots are the model best fit values
while the black crosses are the experimental best fit points. The shadow areas are
the allowed regions at 1σ, 2σ and 3σ CL (2dof).
2 Explicit Model: Case II
The mixing patterns are independent on the underlying theory, they are just a con-
sequence of group theory. However if we want to obtain other informations about
2
neutrino physics we need to construct an explicit model. We focus on Case II of our
classification, which has Z5 as a residual symmetry for the charged lepton sector. The
oscillation parameters are
sin2 θ13 =
ϕ+ 2
5
sin2 θ sin2 θ12 =
3− ϕ
5 cos2 θ13
sin2 θ23 =
1
2
| sin δ| = ±1 (4)
where ϕ ≡ (1 + √5)/2 is the Golden Ratio. The neutrino mass matrix Mν is fixed
by symmetry. Mν has four real dimensionless parameters s, x, y, z and a scale factor
m0. The internal angle θ is related to the Mν parameters
Mν
m0
=

s+ x+ z 3
2
√
2
(z + iϕy) 3
2
√
2
(z − iϕy)
3
2
√
2
(z + iϕy) 3
2
(x+ iy) s− x+z
2
3
2
√
2
(z − iϕy) s− x+z
2
3
2
(x− iy)
 tan 2θ = 2
√
7 + 11ϕy
2x(ϕ+ 1) + z(2ϕ+ 1)
.
(5)
A small value of |y| is needed to obtain θ13 ∼ 9◦. Assuming a Weinberg operator
with two flavon fields φν,1 ∼ 1 ∈ A5 and φν,5 ∼ 5 ∈ A5 is possible to achieve a small
reactor angle in a two step symmetry breaking A5⊗CP → Z2⊗Z2⊗CP → Z2⊗CP
because under the Klein group and CP the parameter y is vanishing and only under
Z2 ⊗ CP it appears. Therefore y is naturally the smallest parameter.
The parameter space with four free dimensionless parameters is sufficiently large to
describe all the oscillation data, thus we start a classification reducing the number of
independent VEVs in the flavon potential to obtain predictive scenarios [8]. In these
limits we can predict the mass spectrum and obtain information about the Majorana
phases. For instance, in Figure 2, the 0νββ-decay effective mass is shown as function
of the lightest neutrino mass or the effective β-decay mass.
3 Conclusion
The use of non abelian discrete symmetry and CP is a useful approach to understand
the leptonic mixing pattern, in particular the smallness of θ13. Assuming A5 ⊗ CP
as a global symmetry in the full leptonic sector and Z2⊗CP as a residual symmetry
in the neutrino sector we obtain that four mixing patterns are relevant for the phe-
nomenology.
We also study an explicit realization of this framework based on Case II which has
Z5 as a residual symmetry in the charged sector. In our classification we reduce the
number of independent VEVs obtaining predictive scenarios with only three free pa-
rameters because the Majorana phases are fixed. We observed that in these limits
interesting feature appears, for instance in the case of Weinberg operator with z = 0
where the ratio between the solar and atmospheric mass splittings is proportional to
sin2 θ13.
3
æææ
æ
æ
æ
æ
æ
æ
æ
ææææææ
æ
æ
æ
æ
ææ
æ
æ
ææ
æ
ææ
ìì
ìææ
æ
ìì
ì
10010-110-210-310-4
100
10-1
10-2
10-3
10-4
mmin @eVD
m
Β
Β
@eV
D
PLAN
CK
+BAO
PLAN
CK
IGEX+HdM+GERDA z = 0
x = 0
s = 0
æ
ææ
æ
æ
æ
æ
æ
æ
æ
æ
ææ
æ
æææ
æ
æææ
æ
æ
æ
ææææ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
ìììæææììì
10010-110-2
100
10-1
10-2
10-3
10-4
mΒ @eVD
m
Β
Β
@eV
D
KATRIN
IGEX+HdM+GERDA
z = 0
x = 0
s = 0
Figure 2: Predictions for the 0νββ-decay effective mass mββ as function of the lightest
neutrino mass mmin (left) or mβ (right) in the case of the Weinberg operator assuming
one vanishing parameter in the neutrino mass matrix Mν . The Majorana phases are
fixed in explicit models. Gray circles are for NO while black diamonds for IO.
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